B5.2 — Applied Partial Differential Equations 
Sheet 3 — MT23 


Questions are split into sections A, B, C according to the labels [A], [B], [C] provided, 
respectively, for each question. Section A questions are meant to provide an example to help 
with the lecture material and or the homework of this sheet. The are not meant to be handed 
in and will not be marked. A model solution will be made available via a link that will be 
posted as an announcement for the B5.2 course on moodle. Part B need to be handed in and 


will be marked and discussed in the classes. Part C are optional, they will not be marked. 


1. [A] Show that the system 


Ug + Uy + Vy = 0, 
Uz + Uy + 2Vy + Wy = 0, 


Wz — Uy + 2vy = 0, 


is hyperbolic and evaluate its Riemann invariants. Hence find the general solution. 


2. [B] If u and v satisfy the PDEs 


(cos v) tz + (sinv)uy — vy = 0, 


(cos v)v, — Uy + (sin v)vy = 0, 


find the characteristic directions and Riemann invariants. 
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3. [B] In two-dimensional steady homentropic gas flow, the velocity (u,v) and density p 
satisfy the equations 
(pu) + (pv)y = 0, 
p (UU, + vUy) + c(p)” Px = 0, 
p (Uv, + vy) + c(p)*py = 9, 


where c(p) is the speed of sound in the gas. 
Show that the system is hyperbolic if the flow is supersonic, i.e. if u2 + v? > c?. 


Also prove Bernoulli’s theorem, that the Riemann invariant 


_l Dein BON c(p)? dp 
R=5 (+e?) + f ; 


is conserved along the characteristics dy/dxz = v/u. 


4. [B] Reduce the following PDE to canonical form and then determine its general solution: 


1 
YP Uae — 20 YUry + aig - ry (Yue + Ey) . 


5. [A] Solve the PDE 


Use + Usy — 2Uy +1=0 nO<a2<1, y>0, withhu=u =zony=O0. 


6. [B] Reduce the following PDE to canonical form: 


Ue Tey Ay =O; 


7. [A] 
Consider the following system of PDEs for u(x, y), v(x, y) 
207 yuz + bay tty + 227 y*Uy oryu +a =O, 
Yay — £2, +u— 2xv = 0. 


(a) In the region x > 0, y > 0, determine whether the system is hyperbolic, elliptic, or 


parabolic. 


(b) Show that the system is equivalent to a second order semilinear PDE. 
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